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In this paper the phase structure of the massive 4 model at finite temper-
ature (T 6= 0) is investigated by applying a resummation method inspired by
the renormalization-group (RG) improvement to the one-loop effective potential.
The resummation method a la RG-improvement is shown to work quite succes-
fully by resumming up systematically large correction-terms of O(T=) and of
O((T=)2). The temperature-dependent phase transition of the model is shown
to proceed through the second order transition. The critical exponents are deter-
mined analytically and are compared with those in other analyses.
1 Introduction
Understanding the phase structure and the mechanism of phase transition of
quantum eld theories at nite temperature/density is important to under-
stand the evolution of Universe and the physics to be searched by the ultrarel-
ativistic heavy-ion experiments planned at the BNL-RHIC and CERN-LHC 1.
To investigate analytically the phase structure of relativistic quantum eld
theory, the eective potential (EP) is used as a powerful tool. Perturbative
calculation of the EP at nite temperature, however, suers from various trou-
bles: the poor convergence or the breakdown of the loop expansion 2, and the
strong dependence on the renormalization-scheme (RS). These troubles have
essentially the same origin, i.e., they come about with the emergence of large
perturbative corrections depending explicitly on the RS. Thus to break a way
out of these troubles we must carry out the systematic resummation 3;4;5;6 of
dominant large correction terms, and at the same time we must also solve the
problem of the RS-dependence.
Recently simple but very ecient renormalization group (RG) improve-
ment procedures for resumming dominant large correction terms are proposed
in vacuum 7 and in thermal 8 eld theories. This procedure was originally pro-
posed to solve the problem of the strong RS-dependence of the EP calculated
through the loop-expansion method.
It is worth noticing here that in the massive scalar λφ4 model at high
temperature the large correction terms appearing in the L-loop EP have the
1
structures as follows; i) terms proportional to powers of the temperature T :
i-a) (λ(T/µ)2)L, i-b) (λ(T/µ))L, and ii) terms proportional to powers of the
logs: ii-a) (λ ln(T/µ))L, ii-b) (λ ln(M/µ))L, where M is the large mass scale
appearing in the theory.
In this paper we present the result of application of the resummation pro-
cedure a la RG 8;9 to the massive scalar φ4 model renormalized at the tem-
perature of the environment T . We have found that the proposed resumma-
tion procedure a la RG works eciently, not only by resolving the problem
of the RS-dependence, but also by properly as well as systematically resum-
ming terms having the structures i-a) and i-b) above. As for the details of the
analyses, see Ref. 9 and the paper to appear 10.
2 Improving the effective potential through resummation and the
phase structure of massive φ4 model at T 6= 0
Let us consider the massive scalar φ4 model at nite temperature renormalized
at an arbitrary mass-scale µ and at the temperature of the environment T
(hereafter we call this scheme as the T -renomalization). The key idea to resolve
the RS-ambiguity is to use correctly and eciently the fact that the exact EP
satises a homogeneous renormalization group equation (RGE) with respect
to change of the arbitrary parameter µ ! µ = µet.
In the scalar φ4 model the dominant large corrections appear as a power
































where b = 1/16pi2, M2 = m2 + λφ2/2 and M21 is nothing but (a part of)
the renormalized one-loop self-energy correction,
M21  12
∑∫ 1























k2 dk ln[1 − expf−
√
k2 + a2g] .
The resummation of dominant O(λ(T/µ)2) terms in the T -renomalization
can be automatically performed through renormalization, giving the remor-
malized mass-squared m2 ’ m20 + 124λT 2, appearing as a mass-term in the
2
propagator with which the perturbative calculation is performed, where m0
denotes the renormalized mass in the vacuum theory.
At the one-loop level the RGE’s satised by the renormalized coupling and
mass-squared can be solved exactly, giving solutions to the running parameters
m2 and λ as
M2 = m2 +
1
2
λφ2, m2 = m2f−1=3, λ = λf−1, (3)

















Up to now µ in the above eqations (3) can be arbitrary, with µ being
xed at the initial value of renormalization. Our RG-improvement procedure,
i.e., the resummation procedure a la RG, can be carried out by choosing the
RS-fixing parameter µ so as to satisfy τ (t) = 0, namely to make the one-loop
radiative correction to the mass fully vanish.
The RS-xing equation τ (t) = 0 gives the mass-gap equation 6;8;9
M2 = m2 + f( M2) M2 − f( M2)2=3m2 , (4)
which determines, in the HT regime where T/µ  1, the RS-parameter µ





Now we can study the consequences of the RG-improvement in the T -
renormalization, with solutions λ, m2, and µ, Eqs. (3) and (5). The RG
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With the RG-improved EP, V1, Eqs. (6) and (7), we can see the na-
ture of the temperaure-dependent phase-transition of the model; i) At low
temperature below Tc 
√
24jm2j/λ the EP has twofold structure show-
ing the existence of two phases, Fig. 1a, the ordinary mass phase and the
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